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USE OF PLANETARY OBLATENESS FOR PARKING ORBIT 

OPERATIONS FOR INTERPLANETARY MISSIONS 

By Joseph R. Thibodeau I11 

A technique for parking o r b i t  opera t ions  has been developed t o  a i d  
s t a y  t ime ana lys i s  of t h e  o r b i t a l  phases of a p l ane ta ry  reconnaissance 
or landing mission.  This technique takes  advantage of  a p l a n e t ' s  
g r a v i t a t i o n a l  pe r tu rba t ions  t o  rotate t h e  parking o r b i t  , thereby 
e l imina t ing  t h e  need for maneuvers t o  change t h e  o r b i t  p l ane ,  l i n e  of 
aps ides ,  or o r b i t a l  e c c e n t r i c i t y .  A FORTRAN computer prograr? employing 
t h i s  technique w a s  used t o  f i n d  parking o r b i t s  vhich r e q u i r e  no maneuvers 
for o r b i t a l  real ignment .  A prel iminary parking o r b i t  and s t a y  t ime 
ana lys i s  i s  presented  f o r  a 1975 Mars o r b i t a l  mission t o  i l i u s t r s t e  t h e  
f e a s i b i l i t y  of t h i s  technique.  

INTRODUCTION 

During p l ane ta ry  reconnaissance or l anding  missions , parking o r b i t s  
s a t i s e i n g  mission ob jec t ives  must be e s t a b l i s h e d  about t h e  d e s t i n a t i o n  
p l a n e t .  Often, t h e s e  s topover  missions r e q u i r e  l a r g e  o r b i t a l  plane 
changes and l i n e  of apsides  ro t a t ions  while  t h e  spacec ra f t  i s  i n  t h e  
parking o r b i t .  Rota t ion  of t h e  parking o r b i t  becomes necessary because 
of  two dynamicel phenomena - t h e  o r i e n t a t i o n  and motion of t h e  hyperbol ic  
depar ture  asymptote and t h e  motion of t h e  Farking o r b i t  due t o  t h e  
a s p h e r i c i t y  of t h e  p l a n e t ' s  g r a v i t a t i o n a l  f i e l d .  

Soph i s t i ca t ed  ope ra t iona l  techniques have been developed t o  r e o r i e n t  
t h e  parking o r b i t .  Severa l  of these  techniques a r e  inves t iga t ed  i n  
re ference  1. Each of t h e s e  techniques r equf re s  t h e  Spacecraf t  t o  
accu ra t e ly  execute s e v e r a l  consecutive maneuvers t o  r e o r i e n t  t h e  parking 
o r b i t .  Thus o r b i t a l  missions a r e  complex, and heavy demands are placed 
on t h e  spacecraf t  guidance, navigat ion,  and c o n t r o l  systems. It would 
be highly advantageous t o  e l iminate  t h e  need for t h e s e  maneuvers. 

It may be poss ib l e  t o  design o r b i t a l  missions which r e q u i r e  no 
parking o r b i t  maneuvers. For these  miss ions ,  t h e  mechanism f o r  parking 
o r b i t  r o t a t i o n  would be  t h e  o r b i t a l  pe r tu rba t ions  due t o  t h e  a s p h e r i c i t y  
of t h e  p l a n e t ' s  g r a v i t a t i o n a l  f i e l d .  
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This paper develops a technique i n  which t h e s e  pe r tu rba t ions  con- 
t i n u a l l y  r o t a t e  t h e  o r b i t a l  p lane  and l i n e  of apsides  while  t h e  space- 
c r a f t  i s  i n  t h e  parking o r b i t  about t h e  p l a n e t .  The goa l  of  t h i s  
technique i s  t o  cons ider  only those opera t ions  i n s i d e  t h e  p l a n e t ' s  sphere 
of in f luence  and t o  f r e e l y  choose the  c h a r a c t e r i s t i c s  of t h e  parking 
o r b i t  and en t ry  and ex i t  hyperbolas so  t h a t  they  match t h e  i n t e r p l a n e t a r y  
t r a j e c t o r y  at  t h e  p l a n e t ' s  sphere o f  i n f luence  and r e q u i r e  no parking 
o r b i t  maneuvers except t h e  o r b i t a l  deboost and i n j e c t i o n  burns.  

Y 

I S Y MB 0 LS 

a semimajor axis 

o r b i t a l  e c c e n t r i c i t y  e 

i o r b i t a l  i n c l i n a t i o n  wi th  r e spec t  t o  
t h e  p l a n e t ' s  e q u a t o r i a l  plane 

J2 second zonal  harmonic of d e s t i n a t i o n  
p l ane t  

mean motion of t h e  parking o r b i t  n 

R e q u a t o r i a l  r ad ius  of  d e s t i n a t i o n  
p l ane t  

r ad ius  of pe r i apo i s  r 
P 

excess hyperbol ic  .relocity of  t h e  
i n t e r p l a n e t a r y  t r a j e c t o r y  

p l ane tocen t r i c  r i g h t  ascension 

6 plan  e t  o c en t r i c de c 1 i n a t  i on 

AT s t a y  t ime i n  parking o r b i t  about 
d e s t i n a t i o n  p l ane t  

0 angle  between p e r i a p s i s  and excess 
hyperbol ic  v e l o c i t y  vec tor  

P g r a v i t a t i o n a l  parameter of  d e s t i n a t i o n  
p lane t  

a u x i l i a r y  v a r i a b l e  = s i n  
- 

( t a n  & / t a n  i )  U 
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u n i t  vec to r  i n  t h e  d i r e c t i o n  of  t h e  
ascending node 

nodal r eg res s ion  ra te  due t o  p lane tary  
obla teness  

normalized r o t a t i o n  ra te  

argument of p e r i a p s i s  

p e r i a p s i s  precess ion  r a t e  due t o  
p lane tary  cb la tenes  s 

Subscr ipts  

approach t r a j e c t o r y  

depar ture  t raJ  ec tory  

per  i apr, i s 

ascending node 

argument of per iaps  i s  

TECHNIQ'LE FOR ORZITAL OPERATIONS 

The sequence of maneuvers f o r  t h i s  technique is  i l l u s t r a t e d  i n  
f i g u r e  1 and ou t l ined  as fol lows:  

1. The spacec ra f t  deboosts i n t o  parking o r b i t  a t  p e r i a p s i s  of t h e  
arr ival  hyperbola.  

a. The parking o r b i t  and t h e  arr ival  hyperbola a r e  coplanar .  
b .  The p e r i a p s i s  pos i t i on  vec to r s  of t h e  parking o r b i t  and 

arr ival  hyperbola a r e  i d e n t i c a l .  

2. The spacec ra f t  w a i t s  i n  the parking o r b i t  u n t i l  t h e  t i m e  of  
depar ture .  
w i l l  be  i n  motion due t o  a sphe r i c i ty  of t h e  p l a n e t ' s  g r a v i t a t i o n a l  
f i e l d .  
w i th  time i n  i n e r t i a l  space due t o  p l ane ta ry  dynamics. 

During t h i s  t i m e ,  t h e  o r b i t a l  p l ane  and l i n e  of apsides  

Also, t h e  p o s i t i o n  of hyperbolic depa r tu re  asymptote w i l l  vary 
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ESCAPE HYPERBOLA 

PARKING ORBIT AT 
T I M E  O F  DEPARTURE 

INJECTION 
O N T O E S C A P E  
HYPERBOLA EQUATORIAL PLANE 

PARKING ORBIT 

AZRIVAL HYPERBOLA 

PARKING ORBIT AT 
TIME O F  ARRIVAL 

Figure 1. - Geometry of the parking orbit a t  the time of  arrival and departure. 
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3. A t  depa r tu re ,  i n j e c t i o n  onto an escape hyperbola occurs  a t  
p e r i a p s i s  of t h e  e l l i p t i c a l  parking o r b i t .  

a .  The parking o r b i t  and t h e  escape hyperbola are coplanar .  
b .  The p e r i a p s i s  Fosit ior:  vec tors  of t h e  parking o r b i t  and 

escape hyperbola are i d e n t i c a l .  

L 

From t h i s  o u t l i n e  it is  evident t h a t  t o  determj-ne t h e  parking o r b i t ,  
both t h e  approach and depar ture  t r a j e c t o r i e s  as w e l l  as t h e  parking 
o r b i t  must be considered.  The problem i s  one of determining t h e  o r i e n t a t i o n  
of t h e  approach and depar ture  hyperbclas so they  match t h e  i n t e r p l a n e t a r y  
t r a j e c t o r y  a t  t h e  p l a n e t ' s  sphere of in f luence .  Likewise , t h e  o r i e n t a t i o n  
of t h e  parking o r b i t  must be chosen so t h a t  it i n i t i a l l y  matches t h e  
arr ival  hyperbola,  y e t  w i l l  regress  during t h e  p l ane ta ry  s t a y  t ime t o  
match t h e  escape hyperbola.  

The boundary condi t ions  for the maneuver sequence are def ined by 
four  q u a n t i t i e s  which a r c  t h e  necessary problem input  da t a :  

1. p e r i a p s i s  a l t i t u d e  

2. p lane tary  s t a y  t i m e  

3. 

4. 

t h e  V, vec to r  of  t h e  in t e rp l ane ta ry  approach t r a J e c t o r y  

t h e  V, vec to r  of t h e  in t e rp l ane ta ry  d e p a r t r e  t r a j e c t o r y .  

These d a t a  are ca l cu la t ed  by an independent i n t e r p l a n e t a r y  tra- 
j e c t o r y  program ( re f .  2 ) .  The interplane+.ary t r a j e c t o r y  i s  assumed 
t o  be known, and only those  operat ions i n s i d e  t h e  p l a n e t ' s  sphere of 
in f luence  are considered.  

DERIVATION 

Given p e r i a p s i s  a l t i t u d e ,  t h e  following parameters defime t h e  
parking o r b i t  s i z e ,  shape , and o r i e n t a t i o n :  

1. i n c l i n a t i o n  

2. e c c e n t r i c i t y  

3. longi tude  of t h e  ascending node 

4. argument of p e r i a p s i s  . 
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This de r iva t ion  shows how these  parameters a r e  found f o r  r eg res s ing  
parking o r b i t s  which r e q u i r e  no maneuvers except t h e  o r b i t a l  deboost 
and i n j e c t i o n  burns.  The o r b i t a l  parameters are re ferenced  t o  t h e  
% i m e  of p e r i a p s i s  passage of t h e  arr ival  hyperbola.  

The determinat ion of t h e  o r b i t a l  parameters involves  two d i s t i n c t  
phases .  The first phase i s  a search f o r  t h e  o r b i t a l  i n c l i n a t i o n ,  
ascending node, and p e r i a p s i s  vector .  The o r b i t a l  i n c l i n a t i o n  i s  found 
by making it t h e  independent search v a r i a b l e .  By sweeping through t h e  
rap.ge of poss ib l e  i n c l i n a t i o n s ,  t h e  node and p e r i a p s i s  vec tors  and t h e  
o r b i t a l  r eg res s ion  r a t e s  can be ca l cu la t ed  f o r  each i n c l i n a t i o n .  The 
proper  o r b i t a l  parameters then  a r e  found by i n t e r p o l a t i o n .  The second 
phase f i n d s  t h e  o r b i t a l  e c c e n t r i c i t y .  
us ing  t h e  Newton-Raphson method. 

The e c c e n t r i c i t y  i s  found by 

Determination of  Orb i t a l  I n c l i n a t i o n  

The V, vec to r s  and t h e  pe r i aps i s  a l t i t u d e  de f ine  t h e  c h a r a c t e r i s t i c s  
of t h e  approach and d e p r t i i r ~  h 2 r p r h n l i s -  They ~1::s dcflcc Ilmlts fiii 

t h e  i n c l i n a t i o n  of t h e  approach and depar ture  t r a j e c t o r i e s  as w e l l  as 
t h e  parking o r b i t .  They do not def ine t h e  plane of t h e  t r a j e c t o r i e s ,  
however. Two a d d i t i o n a l  vec tors  a re  needed t o  determine t h e  plane of 
t h e  en t ry  hyperbola and the  o r i e n t a t i o n  of t h e  hyperbola wi th in  t h e  
p lane .  These vec tors  a r e  t h e  u n i t  vec tors  i n  t h e  d i r e c t i o n  of t h e  
ascending node and p e r i a p s i s .  Since o r b i t a l  o r i e n t a t i o n  maneuvers a r e  
avoided, t h e s e  vec tors  are t h e  same f o r  t h e  parking o r b i t  and t h e  
a r r iva l  hyperbola a t  t h e  t i m e  o f  p e r i a p s i s  passage on t h e  a r r i v a l  
hyperbola.  They can be ca l cu la t ed  once t h e  o r b i t a l  i n c l i n a t i o n  i s  found. 

The node and pe r i aFs i s  pos i t i on  vec tors  a r e  double-valued funct ions 
of i n c l i n a t i o n .  This can be seen in  f i g u r e  2 which shows t h e r e  a r e  
two o r b i t a l  planes conta in ing  t h e  V, vec to r  f o r  every i n c l i n a t i o n .  
Thus, for each i n c l i n a t i o n ,  two nodes arld two p e r i a p s i s  vec tors  must 
be found f o r  each V, vector .  

The longi tude  of t h e  ascending node (a,) i s  determined from t h e  
formula : 

a = a - 5  
R1 

a = a + 5 + l l  

,2 
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NOTE: THERE ARE TWO ORBITS CONTAINING THE TARGET 
VECTOR FOR EVERY INCLINATION, 

Figure 2. - Geometry of trajectory planes. 
(Taken from Reference 3) 
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where 

-1 t a n  6 
u = s i n  (tm i) 

and a and 6 are t h e  r i g h t  ascension and d e c l i n a t i o n  o f  t h e  V, vector .  
a i s  t h e  longi tude  of t h e  ascending node c l o s e s t  t o  t h e  V, vector  as 

0, 

shown i n  f i g u r e  2. Likewise, a i s  t h e  longi tude  of t h e  node f i r t h e s t  

from t h e  V, vec to r .  
02 

The semimajor axis ( a )  of the approach hyperbola i s  determined 
from t h e  v i s  v iva  equat ion 

a = -  

VmA 
2 

mer, t h e  p e r i a p s i s  r ad ius  i s  spec i f i ed ,  t h e  e c c e n t r i c i t y  cf t h e  
en t ry  hyperbola can be found by 

The angle  between t h e  arrival Vm vec to r  and t h e  p e r i a p s i s  of t h e  
arrival hyperbola ( 8 )  can now be found by 

e = cos-l($ 

where e i s  t h e  e c c e n t r i c i t y  o f  the a r r i v a l  hyperbola.  

(4) 

The argument of p e r i a p s i s  ( w  ) f o r  t h e  a r r i v a l  hyperbola i s  found 
P 

from t h e  fol lowing equat ion 

A - 
w = cos ' ( a  vm) - e 
P ( 5 )  

A t  t h e  t ime of p e r i a p s i s  passage, t h e  argument of p e r i a p s i s  of 
t h e  park ing  o r b i t  i s  t h e  same as for t h e  a r r i v a l  hyperbola.  

The same equat ions a r e  used t o  f i n d  t h e  node and p e r i a p s i s  vec tors  
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‘c 

. 

a t  t h e  t ime of i n j e c t i o n  onto t h e  escape hyperbola with one except ion:  

e = cos-] (5) 
where e is  t h e  e c c e n t r i c i t y  o f t h e  depar ture  hyperbola.  

Suppose t h e  r i g h t  ascension cf  t h e  ascending node, ci and t h e  R’  
argument of p e r i a p s i s ,  w , have been c a l c u l a t e d  f o r  t h e  node c l o s e s t  

t o  t h e  V, vec tor  f o r  both t h e  a r r i v a l  and depar ture  hyperbolas.  
consider ing figulre 1, during t h e  p lane t  s t a y  t ime S2 must move to 

OD, and r m u s t  move t o  r . 

P 
Again 

A 

PA PD 
The angular  d i s t a n c e  t h e  node must t r z v e l  is  

kiR = ci - a = f(V, , V, , r i )  
OD RA A D ” 

where t h e  subsc r ip t s  A and D i nd ica t e  t h e  arrival and depar ture  
hyperbolas ,  r e s p e c t i v e l y .  

Likewise, t h e  angular  dis tance t h e  p e r i a p s i s  vec to r  ( r  ) must 
P 

t r n v e l  i s  
= w - w = g(V, , V, , r , i )  

’D ’A A D P  

( 7 )  

The speed of r o t a t i o n  of t h e  node ( f i  ) and p e r i a p s i s  (: ) due t o  
S S 

s e c u l a r  var ia t i -on ( J  ) i s  given i n  r e f e rence  4 as 2 

-3nJ2R2 

2a2(1 - e 2 ) 2  
cos i is - - 

-3nJ2R2 

S 2a2(1  - e 2 ) 2  
w =  

( 9 )  
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R 
ATQ = - 

ACC 

ij e=o 

Since t h e  fastest rates are experienced ).y c i r c u l a r  o r b i t s ,  t h e s e  
equat ions a r e  solved by s e t t i n g  e = 0 .  

The t i m e  f o r  t h e  node of a c i r c u l a r  o r b i t  t o  t r a v e r s e  Act i s  R 

(11) 

and t h e  t i m e  f o r  t h e  p e r i a p s i s  t o  t r a v e r s e  Aw i s  
P 

If t h e  s t a y  t i m e  i n  t h e  parking o r b i t  i s  des lgna ted  by AT, t h e  
problem i s  t o  ob ta in  t h e  i n c l i n a t i o n  and e c c e n t r i c i t y  of t h e  parking 
o r b i t  such t h a t  

This condi t ion  i s  obtained i n  two s teps .  

1. Find a parking o r b i t  i n c l i n a t i o n  t h a t  w i l l  make AT equal  t o  R 
AT . w 

2 .  Adjust t h e  parking o r b i t  e c c e n t r i c i t y  t o  make AT and ATw 9 
equal  t o  t h e  p l a c e t  s t a y  t ime,  AT. 

A simple i n t e r p o l a t i o n  scheme lends i t se l f  t o  f ind ing  t h e  o r b i t a l  
i n c l i n a t i o n  f o r  which AT 

10' increments through t h e  i n t e r v a l  of poss ib l e  i n c l i n a t i o n s ,  t h e  
r a t i o  AT /AT can be t abu la t ed  with i n c l i n a t i o n .  

AT is  ind ica t ed  by a r a t i o  of uni ty .  Thus t h e  t a b l e  can be scanned t o  

f i n d  a r a t i o  near  1, and t h e  i n c l i n a t i o n  can be found by i n t e r p o l a t i o n .  

equals  ATu. If ATn and ATw are ca l cu la t ed  a t  R 

Equal i ty  of ATR and n u  
w 

t h e  

can 

ATw 

The i n t e r p o l a t e d  
 AT^ and AT- f o r  a 

w 
be repea ted  using 

equal  w i th in  some 

value of  i n c l i n a t i o n  can now be used t o  c a l c u l a t e  
c i r c u l a r  o r b i t .  If necessary,  t h e  above procedure 

a smal le r  i n c l i n a t i o n  increment t o  make AT and 

s p e c i f i e d  to le rance .  
R 
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Determination of O r b i t a l  E c c e n t r i c i t y  

b 

The o r b i t a l  e c c e n t r i c i t y  must now be ad jus ted  so t h a t  t h e  o r b i t  
w i l l  r o t a t e  t h e  r equ i r ed  amount during t h e  p l ane ta ry  s t a y  t i m e ,  AT. 
The c i r c u l a r  o r b i t  r o t a t e s  f,hrough t h e  r equ i r ed  angles  during t h e  t ime 

AT' = AT = ATw n 

A simple t e s t  f o r  t h e  ex is tence  of  an e l l i p t F c a 1  o r b i t  t h a t  r eg res ses  
t h e  proper  amoiint during t h e  s t a y  t i m e  AT i s  

AT' < AT - 
Since c i r c u l a r  o r b i t s  have the  f a s t e s t  r eg res s ion  ra tes ,  t h i s  i n e q u a l i t y  

means t h a t  t h e  e c c e n t r i c i t y  can be increased  t o  slow down t h e  speed of 
r o t a t i o n  and thereby fo rce  AT' t o  equal  AT. 

The e c c e n t r i c i t y  t h a t  riakes AT' equa l  t o  AT can be found q u i t e  
r e a d i l y  by t h e  Newton-Raphson techniqi2.e. The o r b i t a l  e c c e n t r i c i t y  i s  
a rea l  r o o t  of a fou r th  order  polynomial found by expressing equat ion ( 9 )  
or (10) i n  terms of t h e  e c c e n t r i c i t y .  The de r iva t ion  of t h i s  polynomial 
and t h e  s o l u t i o n  f o r  o r b i t a l  e c c e n t r i c i t y  i s  as fol lows.  

The ra te  of  s ecu la r  v a r i a t i o n  of  t h e  node and p e r i a p s i s  vec tors  
is given by: 

- 3nJ2R 
R =  cos i 

2a2(1 - e 2 ) 2  
S 

- 3nJ 2R2 

s 2a2(1  - e 2 ) 2  
w =  (g s i n 2 i  - 2) 

( 9 )  

Note t h a t  t h e  r a t e  r a t i o ,  -.- , i s  deterrnined by %he i n c l i n a t i o n  s i n c e  
WS 

t h e  terms involving e c c e n t r i c i t y  d iv ide  out i n  t h e  r a t i o .  Thus t h e  
e c c e n t r i c i t y  can be ad jus ted  independently t o  change t h e  ra te  without 
des t roying  a p a r t i c u l a r  value of t h e  r a t i o .  

Designate t h e  common f a c t o r  i n  both equat ions by R . Then r 



12 

c 

and equat ions ( 9 )  and (10 )  become 

fi = fi cos i 
S r 

S = ir (5 sin'i - 

The mean motion ( n )  is  given by - 
The semimajor axis ( a )  i s  

r 
a = -  

1 - e  

By s u b s t i t u t i n g  f o r  n and a i n t o  equat ion (14) and s impl i fy ing ,  
t h e  fol lowing r e s u l t  i s  obtained:  

For a given p e r i a p s i s  r a d i u s ,  t h e  quan t i ty  i n  cu r ly  bracke ts  i s  
cons tan t .  L e t  

Then 

where 

The problem now i s ,  given K ,  firid e. Squaring both s ides  of (21)  
and s impl i fy ing  t h e  r e s u l t  is 
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Expanding ( 2 3 )  i n  a binomial expansion and c o l l e c t i n g  common powers 
of e ,  t h e  fol lowing r e s u l t  i s  obtained:  

. 

. 
Equation (24) w i l l  have a r e a l  r o o t  on t h e  i n t e r v a l  

0 < e < 1  - 
provided 

AT' < AT - 
Equation (24) i s  of t h e  form 

+ a x  + a4 = 0 f ( x )  = x4 + a x3 + a x2 
3 1 2 

The d e r i v a t i v e  with r e spec t  t o  x i s  

3 f t ( x )  = 4x + 3a x2 + 2a x + a = o 
1 2 3 

The cons tan t  c o e f f i c i e n t s  a re  

4K2 + 1 
K2 

a =  6K2 - 3 
K2 

a =  

f 4K2 + 3 - K2 - 1 a =  
K2 a4 - K2 

The cons tan t  K i s  e a s i l y  evaluated 

K = -  C 
4 

C cos  i 

where C i s  evaluated i n  equation 

(25) 

( 2 6 )  

(28) 
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The parking o r b i t  e c c e n t r i c i t y  i s  found by i t e r a t i o n  us ing  
equat ions (25) and (26 )  i n  t h e  following formula: 

4 

Since e i s  between 0 and 1, the formula quickly converges when an 
i n i t i a l  es t imate  of  e = 0.5 is  used. 

c A For t ran  Computer Program Using t h i s  Technique 

The technique d iscussed  has been programmed. The program i s  
e s s e n t i a l l y  a search rou t ine .  
approach t r a J e c t o r y  and one f o r  the  depar ture  t r a j e c t o r y .  The V, vectors  
def ine  a range of permissable values of  i n c l i n a t i o n  for t h e  approach and 
depar ture  t r a j e c t o r i e s .  Any parking o r b i t  whose i n c l i n a t i o n  f a l l s  wi th in  
t h i s  range could conceivably be used i f  enough f u e l  i s  a v a i l a b l e  t o  make 
t h e  r equ i r ed  p lane  changes. 

It accepts  two V, v e c t o r s ,  one f o r  t h e  

The program scans through a l l  the  p o s s i b l e  i n c l i n a t i o n s  and then 
uses t h e  above d iscussed  in t e rpo la t ion  scheme and a Newton-Raphson 
technique t o  determine t h e  c h a r a c t e r i s t i c s  of t hose  parking o r b i t s  which 
match t h e  approach and departure  t r a g e c t o r i e s  . 

I n  gene ra l ,  more than  one f e a s i b l e  o r b i t  e x i s t s .  The program 
outputs  a l l  o r b i t s  which match t h e  a r r iva l  and depar ture  t r a j e c t o r i e s ,  
The output  c o n s i s t s  of  t h e  Keplerian elements of t h e  2arking o r b i t ,  
t h e  en t ry  hyperbola,  and t h e  e x i t  hyperbola. 

Coordinate systems.- The input  v e l o c i t y  vec to r s  a r e  referenced t o  
a h e l i o c e n t r i c  e c l i p t i c  coordinate  system. This. i s  a right-handed 
r ec t angu la r  Car tes ian  system with t h e  p o s i t i v e  x-axis po in ted  toward 
t h e  ve rna l  equinox, t h e  p o s i t i v e  y-axis i n  t h e  e c l i p t i c  plane 90' East 
of x ,  and z normal t o  t h e  e c l i p t i c  p lane  and p o s i t i v e  t o  t h e  North. 

The i n t e r n a l  coordinate  system of t h e  program (and t h e  system t o  
which t h e  output  d a t a  are referenced)  i s  a p l ane tocen t r i c  e q u a t o r i a l  
system, which i s  a right-ha,nded rec tangular  Car tes ian  system. The 
x-y plane i s  def ined  by t h e  p l a n e t ' s  e q u a t o r i a l  p lane .  The p o s i t i v e  
x-axis po in t s  toward t h e  ascending node of t h e  Sun's  apparent  pa th  
around t h e  p l a n e t ,  t h e  p o s i t i v e  y-axis i s  90' East of x ,  and t h e  
p o s i t i v e  z-axis po in t s  North along t h e  p l a n e t ' s  sp in  axis. For Earth 
t h i s  is  t h e  r e fe rence  system of c e l e s t i a l  coord ina tes ,  and t h e  t r ans -  
formation i s  w e l l  known. The t ransformation t o  t h e s e  coordinates  f o r  
Mars i s  d iscussed  i n  d e t a i l  i n  re ference  5 .  



A PRELIMINARY ANALYSIS OF A 1975 MARS ORBITAL MISSION 

. 
Pr oc edur e 

A pre l iminary  s t a y  t i m e  ana lys i s  of a 1975 M a r s  o r b i t a l  mission 
has been made. 
at Mars were ca l cu la t ed  by an independent t r a j e c t o r y  ana lys i s  program 
( r e f .  2 ) .  The launch d a t e  (September 5 ,  1975) and outbound t r i p  t ime 
(303 days)  were he ld  cons t an t ,  and t h e  p l ane t  s t a y  times were va r i ed  
i n  50-day increments from 300 t o  500 days.  The t o t a l  t r i p  t i m e  
inc luding  t h e  p l ane t  s t a y  t ime var ied between 950 and 1170 days so t h a t  
between one t h i r d  and one h a l f  of the  t o t a l  t r i p  t i m e  was spent  i n  
parking o r b i t  about t h e  p l a n e t .  

The i n t e r p l a n e t a r y  t r a j e c t o r i e s  and t h e  V, vec tors  

The V, vec to r s  were used as input d a t a  t o  t h e  parking o r b i t  a n a l y s i s  
program. The c h a r a c t e r i s t i c s  o f t h e  parking o r b i t  and en t ry  and e x i t  
hyperbolas t h a t  matched t h e  V, vectors  were then  determined f o r  each 
p l ane t  s t ay  t ime.  The AV cos t  t o  brake i n t o  and i n j e c t  out of  t h e s e  
parking o r b i t s  was then  ca lcu la ted .  

Results 

The r e s u l t s  of t h i s  ana lys i s  a r e  presented  i n  t a b l e  I. For each 
s t a y  t ime except t h e  300-day case,  t h e r e  were t h r e e  poss ib l e  o r b i t s  
t h a t  s a t i s f i e d  t h e  condi t ions  out l ined  on page 3.  

The AV cos t  t o  deboost i n t o  the  parking o r b i t  (AV,,) and t h e  

i n j e c t i o n  AV (AVom) are p l o t t e d  versus s t a y  t i m e  i n  f i g u r e  3. 

lower t h r e e  curves show t h e  cos t  t o  deboost i n t o  t h e  parking o r b i t  as 
a func t ion  of s t a y  t ime.  Each curve p resen t s  t h e  v a r i a t i o n  i n  deboost 
AV for one p a r t i c u l a r  parking o r b i t .  For a given inc l in .a t ion ,  t hese  
curves w i l l  d i sp l ay  a downward t rend  due t o  v a r i a t i o n  of t h e  o r b i t a l  
e c c e n t r i c i t y  with s t a y  t i m e .  
below and shown i n  f i g u r e  6. ) 

The 

(The e c c e n t r i c i t y  v a r i a t i o n  i s  discussed 

The upper t h r e e  "bucket" shaped curves i n  f i g u r e  3 show t h e  v a r i a t i o n  
i n  i n j e c t i o n  AV as a func t ion  of  s tay t i m e .  
v a r i a t i o n  of i n j e c t i o n  AV f o r  one p a r t i c u l a r  parking r o b i t .  
of t h e  curve i s  determined by t h e  v a r i a t i o n  i n  magnitude of t h e  depar ture  
V, vec to r .  

Each curve presents  t h e  
The shape 

Two important conclusions regarding a 3-year, 1975 Mars o r b i t a l  
mission can be i n f e r r e d  from t a b l e  I. 

1. The t o t a l  AV committment for  parking o r b i t  operat ions i s  l e a s t  
f o r  a p lane tary  s t a y  t i m e  near  400 days ( n e a r l y  one t h i r d  of t h e  t o t a l  
mission t i m e ) .  



16 

2.  There e x i s t s  a parking o r b i t  f o r  which t h e  t o t a l  AV committment 
f o r  parking o r b i t  opera t ions  i s  l e s s  t han  6000 f p s .  
o r b i t  has an i n c l i n a t i o n  of 1 4 5 O  and an e c c e n t r i c i t y  of 0.76 ( table  I ) .  

I n  f a c t ,  t h e  parking 

Why d i d  t h e  parking o r b i t  with t h e  145' i n c l i n a t i o n  have t h e  l e a s t  
AV requirement and not t h e  one with a 72' or 100' i n c l i n a t i o n ?  
of t h e  answer l i e s  i n  f i g u r e  4 ,  which shows how t h e  parking o r b i t  node 
and p e r i a p s i s  r o t a t i o n  r a t e s  vary with i n c l i n a t i o n .  The f i g u r e  i n d i c a t e s  
t h a t  (1) near -equator ia l  o r b i t s  experience fas ter  r o t a t i o n a l  rates 
than  near-polar o r b i t s ,  and ( 2 )  t h e i r  speed of r o t a t i o n  i s  less dependent 
on e c c e n t r i c i t y .  Thus, i f  we consider two parking o r b i t s  with i d e n t i c a l  
node and p e r i a p s i s  r o t a t i o n  r a t e s  - one a near-polar o r b i t  and t h e  
o t h e r  a near -equator ia l  o r b i t ,  t he  near -equator ia l  o r b i t  w i l l  have t h e  
l a r g e r  e c c e n t r i c i t y ,  and w i l l ,  t h e r e f o r e ,  r e q u i r e  lower deboost and 
i n j e c t i o n  A V ' s .  
t h a t  t h e  o r b i t  with t h e  1 4 5 O  i n c l i n a t i o n  has t h e  h ighes t  e c c e n t r i c i t y .  

P a r t  

The argument i s  supported i n  f i g u r e  5(a)  which shows 

Actua l ly ,  t h i s  behavior i s  not as simple as t h e  argument i n d i c a t e s .  
Two geometric f a c t o r s  complicate t h e  s i t u a t i o n :  

1. The d e c l i n a t i o n  of t h e  departure  asymptote varies with t ime 
i n  i n e r t i a l  space.  

2 .  The angles  through which t h e  parking o r b i t  must r o t a t e  during 
t h e  planned s t a y  t ime vary with i n c l i n a t i o n .  

Both f a c t o r s  a f f e c t  t h e  c h a r a c t e r i s t i c s  of t h e  parking o r b i t .  The 
r equ i r ed  o r b i t a l  i n c l i n a t i o n  slowly changes with planned s t a y  t i m e  due 
t o  v a r i a t i o n  i n  d e c l i n a t i o n  of t he  depar ture  V, vec tor .  Since both 
i n c l i n a t i o n  and e c c e n t r i c i t y  mutually a f f e c t  t h e  o r b i t  r o t a t i o n  r a t e s ,  
t h e  e c c e n t r i c i t y  a l s o  v a r i e s  t o  compensate for t h e  change i n  rate due 
t o  i n c l i n a t i o n .  This behavior i s  i l l u s t r a t e d  i n  f i g u r e  5 ( a )  and 5 ( b )  
where t h e  r equ i r ed  o r b i t a l  i n c l i n a t i o n  and e c c e n t r i c i t y  are p l o t t e d  
versus  p lane tary  s t a y  t i m e .  

The s i t u a t i o n  would be g rea t ly  s i m p l i f i e d  i f  t h e  depar ture  asymptote 
d i d  not vary with t i m e .  
would remain f i x e d  over t h e  i n t e r v a l  of s t a y  t imes ;  and t h e  parking 
o r b i t  e c c e n t r i c i t y  would be a simple func t ion  of p l ane t  s t a y  t i m e .  
The v a r i a t i o n  of e c c e n t r i c i t y  with s t a y  t i m e  for t h i s  s impl i f i ed  
s i t u a t i o n  i s  shown i n  f igu re  6.  
Vm geometry f o r  t h e  400-day s t a y  t i m e .  
f i n d  out t h e  s h o r t e s t  t i m e  required f o r  t h e  o r b i t  t o  r o t a t e  through 
t h e  r equ i r ed  angles  (Aa and Aw ) .  The f i g u r e  ind ica t e s  t h a t  a c i r c u l a r  

o r b i t  would r o t a t e  through t h e  required angles  during a s t a y  t ime as 
low as 20 days (for t h e  145O i n c l i n a t i o n  o r b i t ) .  However, a plane 
change would be r equ i r ed  for plane tary  s t a y  times s h o r t e r  than  20 days.  

I n  t h i s  case t h e  requi red  o r b i t a l  i n c l i n a t i o n  

The f i g u r e  w a s  generated based on t h e  
The e c c e n t r i c i t y  w a s  va r i ed  t o  

R P 



Figure 6 a l s o  expla ins  why the v a r i a t i o n  i n  deboost AV (AV 
I N  

shown i n  f i g u r e  3 i s  so  small. The curves a r e  near ly  f l a t  on t h e  
i n t e r v a l  from 300 t o  500 days,  and t h e  r equ i r ed  o r b i t a l  e c c e n t r i c i t y  
slowly increases  wi th  inc reas ing  p l ane t  s t a y  t ime;  t hus  t h e  deboost 
AV requirement t o  g e t  i n t o  t h e s e  o r b i t s  i s  slowly decreasing.  On t h e  
i n t e r v a l  from 20 t o  100 days,  t h e  requi red  o r b i t a l  e c c e n t r i c i t y  
increases  s t eep ly  with inc reas ing  s t a y  t i m e .  Thus f o r  s h o r t  s t a y  times 
we would expect t h e  deboost AV curves of  f i g u r e  3 t o  be more s t e e p l y  
down-sloping. A l s o  s i n c e  near -c i rcu lar  o r b i t s  r e q u i r e  h igher  deboost 
and i n j e c t i o n  A V ' s  than  more e l l i p t i c a l  o r b i t s ,  t h e  deboost and i n j e c t i o n s  
A V ' s  w i l l  be d isp laced  upwards i n  f i g u r e  3 for t h e  s h o r t e r  s t a y  times. 

) 

EVALUATION OF FUEL COSTS FOR ORBITAL ALIG~TMENT 

Because t h i s  technique requi res  no maneuvers i n  o r b i t  does not  
mean it is f r e e  of  f u e l  c o s t s  f o r  o r b i t a l  alignment.  The fuel  c o s t s  
f o r  o r b i t  o r i e n t a t i o n  occur a t  the p l a n e t ' s  sphere of in f luence  and 
parking o r b i t  p e r i a p s i s .  

The AV r equ i r ed  at t h e  p l a n e t ' s  sphere of in f luence ,  however, i s  
very small compared t o  o the r  AV cos t s .  The AV i s  r equ i r ed  t o  achieve 
a given p e r i a p s i s  a l t i t u d e  and i n c l i n a t i o n  of t h e  hyperbol ic  a r r i v a l  
t r a j e c t o r y .  
p recar ious ly  balanced marble o f f  t he  apex of  a r i g h t  c i r c u l a r  cone 
where t h e  t a r g e t i n g  condi t ion i s  a p o i n t  a t  t h e  base of t h e  cone.)  

(This  pena l ty  i s  analogous t o  t h e  cos t  of pushing a 

The primary f u e l  cos t  i s  paid a t  p e r i a p s i s  of t h e  parking o r b i t .  
Two major burns occur a t  t h i s  po in t :  

1. The deboost i n t o  t h e  parking o r b i t .  

2. The i n j e c t i o n  onto t h e  escape hyperbola.  

The e c c e n t r i c i t y  of  t h e  parking o r b i t  i s  t h e  fundamental quan t i ty  
which governs t h e  expense of these  maneuvers. The f'uel cos t  f o r  e i t h e r  
maneuver i s  g r e a t e s t  f o r  a c i r c u l a r  parking o r b i t .  Assuming p e r i a p s i s  
a l t i t u d e  remains f i x e d ,  t h e  cos t  diminishes as o r b i t a l  e c c e n t r i c i t y  
inc reases .  To save t h e  most mel, it i s  t h e r e f o r e  advantageous t o  have 
t h e  parking o r b i t  e c c e n t r i c i t y  as l a r g e  as poss ib l e .  

O r b i t a l  e c c e n t r i c i t y  a l s o  governs t h e  speed of r o t a t i o n  of t h e  
o r b i t a l  node and p e r i a p s i s  pos i t i on  v e c t o r s .  Ci rcu lar  o r b i t s  experience 
t h e  f a s t e s t  r eg res s ion  r a t e s .  For an o r b i t a l  mission i n  which a l a r g e  
plane change must be r e a l i z e d  during a shor t  s t a y  t i m e ,  it may be 
necessary t o  adopt a near -c i rcu lar  parking o r b i t .  I n  t h a t  case ,  less 
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AV may be r equ i r ed  t o  deboost i n t o  a h igh  e c c e n t r i c i t y  e l l i p s e  and 
make a parking o r b i t  plane change. 

The important conclusions regarding use  of  t h i s  technique  
t h e r e f o r e  r e s t  with t h e  t r adeof f  on o r b i t a l  e c c e n t r i c i t y .  
any technique which r equ i r e s  a smaller o r b i t a l  e c c e n t r i c i t y  w i l l  have 
g r e a t e r  f u e l  c o s t s  than  t h i s  technique. 

Obviously 

For long p l ane ta ry  s t a y  times (300 t o  500 d a y s ) ,  t h i s  technique 
appears t o  be f e a s i b l e  f o r  o r b i t a l  e c c e n t r i c i t i e s  as h igh  as 0.7. Shor t  
p l ane ta ry  s t a y  times (20 t o  50 days) are being inves t iga t ed  and w i l l  
be t h e  sub jec t  of  a f u t u r e  i n t e r n a l  no te .  
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TABLE I.- MARS PARKING ORBIT CHARACTERISTICS FOR A 

3-YEARj 1975 M I S S I O N  

S tay  t ime,  
days 

300 

350 

400 

450 

300 

Inc l i n a  t i on, 
de g 

70.0 
112.0 

73.0 
111.0 
141.0 

72.0 
110.5 
141.0 

72.0 
109 3 
141.0 

75.0 
110.0 
135 0 

3c c e n t  r i c  ity , 
e, 
nd 

0.58 

0.61 
0.56 
0.70 

0.62 
0.59 
0.76 

0.66 
0.58 
0.78 

0.72 
0.60 

0.53 

0.74 

"IN' 

f PS 

3029 
3256 

2894 
3=9 
2 498 

2850 
2984 
22 39 

2673 
3029 
2154 

2 41.1 
2939 
2325 

AvOUT, 

f Ps 

8380 
8876 

5171 
5396 
4775 

4280 
4414 
3669 

5467 
4592 

5918 
6446 
5832 

5111 

Periaps i s  
ve loc i ty ,  Vp, 

f p s  

1 4  249 
1 4  021 

14 383 
1 4  158 
1 4  780 

1 4  428 
14 293 
15 038 

1 4  605 
1 4  249 
15 124 

1 4  867 
1 4  339 
1 4  953 

. 
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Figure 3.- Velocity to brake into and inject from a regressing parking orbit. 
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Figure 4.- Determining the characteristics of feasible parking orbits. 
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Figure 5.- Variation of Mars parking orbit inclination and eccentricity with stay time. 
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Figure 6.- Required orbital eccentricity as a function of stay time for a stationary 
departure asymptote. 
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